Abstract-In our earlier work we introduce a numerical analysis to investigate the excess noise and performance factor of double carrier multiplication homojunction avalanche photodiodes (APDs) considering the nonlocal nature of the ionization process. In this paper we investigate the gain, breakdown voltage and carrier injection breakdown probability of homojunction avalanche photodiode in the wide range of multiplication region width. Also in our calculations the effects of dead space has been considered. Our analyses based on the history dependent multiplication theory (HDMT) and width independent ionization coefficient.
INTRODUCTION
For high bit rate, long-haul fiber-optic communications, the avalanche photodiode (APD) is frequently the photodetector of choice owing to its internal gain, which provides a sensitivity margin relative to ptype-intrinsic-n-type (p-i-n) photodiodes. The multiplication region of an APD plays a critical role in determining the gain, the multiplication noise, and the gain-bandwidth product. According to the local-field avalanche theory [1] [2] [3] [4] [5] , both the multiplication noise and the † P. Derakhshan-Barjoei, the second author when the paper was initially published, requested his name removed from the author list because he had nothing to do with this paper.
gain-bandwidth product of APDs are determined by the ratio of the electron and hole ionization coefficients of the semiconductor in the multiplication region. Since this ratio is a material property, for a given electric field, efforts to improve the APD performance have focused on optimizing the electric field profile and characterizing new materials. Recently, lower multiplication noise and higher gainbandwidth products have been achieved by sub micrometer scaling of the thickness of the multiplication region [4] [5] [6] [7] [8] [9] [10] [11] [12] . This is in direct contrast to what would have been predicted by the local-field model and is due to the nonlocal nature of impact ionization, which can be neglected if the thickness of the multiplication region is much greater than the "dead length", the distance over which carriers gain sufficient energy to impact ionize. However, when the dead space accounts for a significant portion of the multiplication region, the number of ionization chains that result in multiplication greatly in excess of the average gain is reduced, which, in turn, yields lower noise for a given gain. A similar noise suppression mechanism has been observed in mesoscopic conductors [13] [14] [15] . The minimum value to which the multiplication region can be scaled is ultimately determined by the onset of tunneling, which will result in excessive dark currents. In thick devices, the dead length comprises a small fraction of the multiplication region; hence, it can be ignored. On the other hand, when the thickness of the multiplication region is reduced to the point that it becomes comparable to a "few" dead lengths, the assumption of locality is no longer valid. In order to consider the nonlocal nature of impact ionization and accurately describe the avalanche process in thin layers, numerous analytical [16] [17] [18] 22] and numerical [23] [24] [25] [26] [27] techniques have been proposed. The numerical models that employ the Monte Carlo technique have the advantage of being formally exact, but their accuracy is frequently limited by the completeness of the band structure and the scattering models that are used in the simulation. In addition to being very computationally intensive, these models require several adjustable parameters to obtain adequate fits, thus obviating one of their advantages relative to analytical models. Recently, an analytical model that incorporates history-dependent ionization coefficients was developed and it was shown to provide excellent agreement with gain and noise measurements on GaAs APD's having multiplication layer thicknesses from 0.1 to 1.6 µm [28, 29] .
One important aspect of the APD performance is the breakdown probability. Breakdown occurs when the APD's gain becomes infinite. In general, as the applied reverse-bias voltage is raised beyond a threshold, the probability that the gain becomes unstable diverges from zero, and gradually approaches unity as the voltage is further raised. In fact, this threshold voltage is nothing but the breakdown voltage, which is defined as the applied reverse-bias voltage at which the mean gain becomes infinite. (Note that as the gain is integervalued, its mean is finite if and only if the probability of having an infinite gain is zero.) The behavior of the breakdown probability, as a function of the applied revere-bias voltage, is the key indicator of how fast the transition from stable to saturated operation occurs. For example, when an APD is used in the Geiger mode, it is highly desirable that such a transition occur as rapidly as possible so that any incoming photon triggers a measurable response with near certainty. On the other hand, if the transition is not steep, then at any given applied reverse bias, a fraction of the absorbed photons (proportional to the complement of the breakdown probability) will fail to trigger breakdown, which reduces detection efficiency.
In 1999, McIntyre [7] adopted the recurrence principles developed by Hayat et al. [1, 14] and formulated recurrence equations which characterized the breakdown probability for the case of nonuniform fields.
Numerical analysis is efficient way to characterize the behavior of electrical devices [38] [39] [40] [41] [42] [43] [44] [45] [46] . In this paper, we will briefly review HDMT and introduce general numerical analysis to investigate the gain, breakdown voltage and carrier injection breakdown probability as well as carrier distributed breakdown probability of homojunction avalanche photodiode in the wide range of multiplication region width for GaAs-APDs. Also, we examine the effect of dead space on the characteristics of avalanche photodiodes in the wide range of multiplication region width. Our analysis based on the history dependent theory and width independent ionization coefficient.
THEORY REVIEW
This section reviews the gain, excess noise and performance factor calculation of the local-field theory and the history-dependent theory. The local-field theory assumes impact ionization is a continuous, whereas the history-dependent theory recognizes that the ionizing probability of a carrier depends on its history.
Throughout the calculations of this paper, we use a onedimensional model and assume the n, i, and p regions are arrayed from left to right. The origin is at the interface of the n and i regions, and the thickness of the i region is ω. Thus, electrons are swept to the left and holes to the right [30] .
The History-Dependent Theory
It is assumed that the carrier that starts impact ionization loses all of its energy relative to the band edge after each impact ionization event. In order to represent this process, history-dependent ionization coefficients α(x |x) and β(x |x) are defined to represent the local ionization probability density at x for a carrier generated at x . If an electron generated at x can survive until it gets to x without ionizing, then the probability for it to ionize in the distance element dx is α(x |x). The ionization probability of this electron p e (x |x) in dx thus depends on the electron survival rate P se (x |x). The survival rate and ionization probability of holes are defined similarly [30] .
To calculate both the gain and noise, we utilize iterative technique. We can calculate the ensemble averages N e (x) and N h (x), the average numbers of the carriers in the two chains generated by the initial electron and hole injected at x separately. Since, in each ionization event the extra electron and hole are always generated in pairs, the final number of the electrons in the chain started by the initial pair is equal to that of the holes. The current gain is defined as the ratio of the number of final e − h pairs to that of the injected e − h pairs. So, the gain due to the initial pair injected at x is [30] 
Since the noise power spectral density is proportional to the ensemble average < n 2 >, the calculation of noise starts from < n 2 e > and < n 2 h > for an electron-hole pair injected at x . Considering all the ionization probabilities for the initial pair and assuming that the carriers are uncorrelated, i.e., < n x n y >=< n x >< n y >, < n 2 e > and < n 2 h > can be expressed as in [29] . Once N e (x) and N h (x) are solved in the gain calculation, < n 2 e > and < n 2 h > can be calculated similarly. Then, the excess noise factor of a δ injection at x is given by the expression [30] 
General Injection Profile
In the local-field theory and the history-dependent theory, the following assumptions are implicit.
1) There is no interaction between any of the carriers in the multiplication region except at the moment of impact ionization. 2) There is no correlation between any carriers, and they contribute to noise independently. Thus, their noise spectral density can be added linearly. These assumptions are quite reasonable for low-level injection, which is the common operating condition for most APD's. Assumption 1 also insures a linear response to injection. According to this assumption, the gain M g for an arbitrary injection g 0 (x) can be written as a weighted average of the gain of each δ injection, which yields [30] 
where I 0 is the total injected current, and M (x) is defined in (1) for the local-field theory and in (4) for the new theory. Similarly, according to Assumption 2, the current noise spectral density S for an arbitrary injection profile g 0 (x) is [30] 
where F (x) is defined in (2) for the local-field theory and in (5) for the history-dependent theory. F g , which is a weighted average of F (x), is the measured excess noise factor according to either theory.
Breakdown Probabilities for Thin Avalanche Photodiodes
Suppose that an electron is generated at location x within the multiplication region. Let X e (x), called the electron life span at x, be the random distance at which impact ionization occurs. Similarly, let X h (x), called the hole life span at x, be the random distance that a hole, generated at location x, travels before it ionizes. The family of random variables X e (x) and X h (x) are assumed to be statistically independent for all x ∈ [0, W ] and to have probability density functions (pdfs) h e (x) and h h (x), respectively. These pdfs take the following form [34] :
Since our analysis is restricted to the multiplication region, the value of the pdfs for electrons h e and holes h h outside the multiplication region is not relevant.
Where d e and d h are dead space associated with a carrier born at x and α and β are the nonlocalized position-dependent ionization coefficient of electrons and holes, which can be calculated from the electric field through a material-dependent parametric model. Upon ionization, two electrons and a hole with zero initial kinetic energy are generated.
With the history-dependent probability densities we can write [37] :
The first of these equations states that if a cold electron is injected (created) at x , no breakdown occurs if 1) it manages to escape with no ionizations (P se ) or 2) if it does have a first ionization at x with a probability p e (x |x), all three resulting cold carriers (two electrons and one hole), escape without initiating a breakdown. The second equation is an equivalent expression for holes. These expressions can be solved by successive iterations. It was found that the convergence is fairly slow close to the breakdown voltage but rapid well above the breakdown voltage.
RESULTS AND DISCUSSION
In the previous section we have introduced the theoretical background to determine the mean gain, breakdown voltage and breakdown probability excess of homojunction APDs. To see the effects of dead space on the characteristics of avalanche photodiodes we use the nonlocalized ionization coefficient model (width independent ionization coefficient) were taken from [31] and HDMT introduce in the previous section to characterize the behavior of the homojunction GaAs-APDs.
In our calculations, we assumed a constant electric field profile within the multiplication region and used the simple approximation V = εW for the reverse bias voltage.
The mean gain as a function of the bias is depicted for the GaAsAPDs in Fig. 1 . The plots are compared with the plots obtained using the theory with no dead space. In this latter case, the electron and hole ionization coefficients are taken to be the inverse of the electron and hole mean scattering distances, respectively. It is seen that dead space reduces the mean gain. This effect is more significant for the thin APDs. This result resembles the result obtained for the case of uniform electric fields for which the reduction in mean gain due to dead space was more evident for APD's operating in the linear mode. The breakdown electric field as a function of the multiplication region is depicted for the GaAs-APDs in Fig. 2 . As shown in this figure the dead space cause to increase the predicted breakdown electric filed. Also as we can see, the effect of dead space decreases through the increases of multiplication region width. Dead space also affects the breakdown probability of APDs. To see the roles of the multiplication-region width on the breakdown characteristics, we numerically computed the breakdown probability as a function of the applied reverse-bias voltage for GaAs and plotted n Fig. 3 . Two sets of results were generated for each width. In the first set, we considered the dead space effects and in the second set of results we did not consider the dead space effects. The dead space decreases the probability of the initial impact ionization occurring in the onset of the multiplication process. This, in turn, will decrease the breakdown probability as each of the offspring electrons will have a lower chance of breakdown as they have a longer distance to travel. Note that the breakdown voltage is the voltage corresponding to the point when the breakdown probability begins to exceed zero. We also note that the calculated values of the breakdown probability near breakdown are sensitive to precision error (resulting from discretizing the recurrence equations); however, the calculated values rapidly stabilize beyond the breakdown voltage. We emphasize that in our calculation we used nonlocalized ionization coefficients. The use of the bulk, or so-called localized, ionization coefficients cannot be justified for our technique, as they are not consistent with the dead space theory. It was observed that attempting to use such localized coefficients in the current recurrence technique can lead to unstable solutions. 
CONCLUSION
In this paper we were rigorously analyzed the characteristics of homojunction avalanche photodiodes by considering the effect of dead space. We have shown that the characteristics of APDs are affected not only by multiplication material but also by multiplication region width. Also we have found that the multiplication region width has a strong effect on the dead space and this effect for the thin APDs is more important than the thick APDs. Reducing the width of the multiplication layer serves to both downshift and sharpen the breakdown probability curve as a function of the applied reversebias voltage. Also, we showed that the breakdown characteristics are enhanced in thin APDs. In particular, reducing the thickness of the multiplication region not only serves to reduce the breakdown voltage but it also makes the transition from sub-breakdown to breakdown more abrupt on an absolute scale (the transmission abruptness relative to the breakdown voltage is reduced, however). This feature is particularly desirable for Geiger-mode operation of the APD, as the likelihood of breakdown is enhanced, which leads to enhanced detection and less sensitivity to bias fluctuations. Moreover, the absolute and relative abruptness of the transition can be further enhanced if injected photo generated carriers have an initial energy comparable to the ionization threshold.
